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Abstract
The quark mixing matrix VCKM is studied in depth on the basis of superstring
inspired SU(6)×SU(2)R model with global flavor symmetries. The sizable mixings
between right-handed down-type quark Dc and colored Higgs field gc potentially
occur but no such mixings in up-type quark sector. In the model the hierarchical
pattern of VCKM is understood systematically. It is shown that due to large D
c-gc
mixings Vub is naturally suppressed compared to Vtd. It is pointed out that the
observed suppression of Vub is in favor of the presence of SU(2)R gauge symmetry
but not in accord with generic SU(5) GUT.
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1
Fermion masses and mixings are closely related to each other. Indeed, there have ap-
peared many attempts to express the elements of Cabibbo-Kobayashi-Maskawa mixing
matrix VCKM in terms of quark masses[1]. The observed fermion masses have the hierar-
chical pattern though tiny mass pattern of neutrinos is still unclear. The VCKM also has
peculiar pattern. It seems that these characteristic patterns shed some lights on the gauge
symmetry and matter contents at the unification scale. The purpose of this work is to
understand the following two challenging issues and then to explore the gauge symmetry
and matter contents at the unification scale.
(i). If we take a naive viewpoint of GUT, it is plausible that up- and down-type quarks
reside in the same irreducible representation of GUT gauge group. This implies that
the CKM matrix should be unit matrix in contrast to the experimental facts, which
show nonzero values for off-diagonal elements[2]. On the other hand, up- and down-
type quarks have distinct hierarchical mass pattern each other(mu/md < mc/ms <
mt/mb). If Yukawa couplings of up- and down-quark sectors are independent each
other, it is natural that the VCKM would have large off-diagonal elements. This is
also inconsistent with experimental facts which show that VCKM might be almost
unit matrix. How can we understand this property of the CKM matrix ?
(ii). Among the characteristic pattern of the CKM matrix, the asymmetric feature of the
matrix is noticeable. Specifically, the element Vub in VCKM is rather small compared
to Vtd, i.e.,
|Vtd| ≃ |Vcd · Vts| ≃ λ
3 , (λ ≃ 0.22)
|Vub| ≃ λ |Vcb · Vus| ≃ λ
4 , (1)
where the second relation is suggested by the experimental results |Vub|/|Vcb| =
0.08± 0.02[2]. How can we understand this feature of the CKM matrix ?
In the context of the string inspired SU(6)×SU(2)R model with global flavor symmetries,
it has been shown that the main pattern of fermion masses and mixings can be understood
as a consequence of mixings between quarks(leptons) and extra particles[3, 4, 5]. Along the
previous works we investigate the structure of VCKM and quark masses in depth. In this
paper we show that the above features can be naturally understood in the SU(6)×SU(2)R
model.
The model discussed here is the same as in Ref.[3, 4, 5]. In this study we choose
SU(6) × SU(2)R as the unification gauge symmetry at the string scale MS, which can
be derived from the perturbative heterotic superstring theory via the flux breaking[6]. In
terms of E6 we set matter superfields which consist of three family and one vector-like
multiplet, i.e.,
3× 27(Φ1,2,3) + (27(Φ0) + 27(Φ)). (2)
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Under G = SU(6) × SU(2)R, the superfields Φ in 27 of E6 are decomposed into two
groups as
Φ(27) =
 φ(15, 1) : Q,L, g, gc, S,ψ(6, 2) : (U c, Dc), (N c, Ec), (Hu, Hd), (3)
where g, gc and Hu, Hd represent colored Higgs and doublet Higgs fields, respectively.
Under G, doublet Higgs and color-triplet Higgs fields belong to different representations
and this situation is favorable to solve the triplet-doublet splitting problem. N c is the
right-handed neutrino superfield and S is an SO(10)-singlet. Although Dc and gc(L and
Hd) have the same quantum numbers under the standard model gauge group GSM =
SU(3)c × SU(2)L × U(1)Y , they belong to different irreducible representations of G. We
assign odd R-parity for Φ1,2,3 and even for Φ0 and Φ, respectively. Since ordinary Higgs
doublets have even R-parity, they belong to Φ0. It is assumed that R-parity remains
unbroken down to the electroweak scale.
The gauge symmetry G is spontaneously broken in two steps at the scale 〈S0〉 = 〈S〉
and 〈N c0〉 = 〈N
c
〉 as
G = SU(6)× SU(2)R
〈S0〉
−→ SU(4)PS × SU(2)L × SU(2)R
〈Nc
0
〉
−→ GSM , (4)
where SU(4)PS represents the Pati-Salam SU(4)[7]. Hereafter it is supposed that the
symmetry breaking scales are roughly 〈S0〉 = 10
17∼18GeV and 〈N c0〉 = 10
15∼17GeV. Gauge
invariant trilinear couplings in the superpotential W are of the forms
(φ(15, 1))3 = QQg +QgcL+ gcgS, (5)
φ(15, 1)(ψ(6, 2))2 = QHdD
c +QHuU
c + LHdE
c + LHuN
c
+SHuHd + gN
cDc + gEcU c + gcU cDc. (6)
From the viewpoint of the string unification theory, it is reasonable that the hierarchical
structure of Yukawa couplings is attributable to some kind of the flavor symmetry at the
string scaleMS. If there exists a flavor symmetry such as U(1)F in the theory, it is natural
that the Froggatt-Nielsen mechanism is at work for the interactions[8]. For instance, the
effective Yukawa interactions for up-type quarks are of the form[3]
Mij QiU
c
jHu0 (7)
with
Mij = mij
(
〈X〉
MS
)bij
= mij x
bij , (8)
where the subscripts i and j stand for the generation indices and the coupling constants
mij ’s are assumed to be O(1) with rankmij = 3. X ≡ (S0S)/MS is singlet with a nonzero
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flavor U(1)F charge and x ≡ 〈X〉/MS < 1. The exponents bij are some non-negative
integers which are settled by the flavor symmetry∗. The hierarchical mass matrix is
derived by assigning appropriate flavor charges to the matter fields.
Generally speaking, the mixing occurs not only among three generations of low energy
matter fields(quarks and letons) but also beyond generations. Below the scale 〈N c0〉 there
appear bothDc-gc mixings and L-Hd mixings. On the other hand, U
c has no state-mixings
beyond the generation mixing. This situation is of great importance to understand the
characteristic features of VCKM in the present model. An early attempt of explaining the
CKM matrix via Dc-gc mixings has been made in Ref.[9], in which a SUSY SO(10) model
was taken.
From Eq.(8) we have the up-quark mass matrix
M =

m11x
α1+β1 m12x
α1+β2 m13x
α1
m21x
α2+β1 m22x
α2+β2 m23x
α2
m31x
β1 m32x
β2 m33
 . (9)
The exponents αi and βi are determined according as the flavor U(1)F charges of matter
fields and are assumed to satisfy the relations α1 > α2 > α3 = 0 and β1 > β2 > β3 = 0.
This matrix is diagonalized by the bi-unitary transformation as
Mdiag = V−1u MUu. (10)
Using the perturbative expansion we can obtain the eigenvalues of the matrix M , which
are written in light order as
mu ≃ x
α1+β1
∣∣∣∣∣ detM0∆(M0)11
∣∣∣∣∣ , mc ≃ xα2+β2
∣∣∣∣∣∆(M0)11m33
∣∣∣∣∣ , mt ≃ |m33| . (11)
Here the matrix (M0)ij means mij in Eq.(9) and ∆(M0)ij is the cofactor of (ij) element
of the matrix M0. The unitary matrix Vu becomes
Vu ≃

1−O(x2(α1−α2)) −xα1−α2
(
m21
m11
)∗
xα1 m13
m33
xα1−α2 m21
m11
1−O(x2(α1−α2)) xα2 m23
m33
xα1 m31
m11
−xα2
(
m23
m33
)∗
1−O(x2α2)
 (12)
with
mij ≡ (M
†
0
−1
)ij =
(
∆(M0)ij
detM0
)∗
. (13)
∗See Ref.[3] for the detail realization of the model. Here we only give the essence of the model.
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Note that the 3rd column of Vu is proportional to the 3rd column vector ~M3 of M and
that the 1st column of Vu is proportional to the 1st column vector
~M 1 of (M
†)−1, which
is proportional to the outer product ( ~M2× ~M3)
∗ †. Another unitary matrix Uu is obtained
by the replacement mij → m
∗
ji and αi → βi in Eq.(12) for Vu.
We now proceed to study the down-type quark mass matrix. Due to Dc-gc mixings
the down-type quark mass matrix is expressed in terms of the 6× 6 matrix
gc Dc
M̂d =
g
D
 ySZ yNM
0 ρdM
 . (14)
Three nonzero 3 × 3 matrices arise from the mass terms Zijgig
c
j〈S0〉, MijgiD
c
j〈N
c
0〉 and
MijQiD
c
j〈Hd0〉, where
Zij = (Z0)ijx
αi+αj+ζ = zijx
αi+αj+ζ (15)
with ζ ≥ 0 and zij = O(1). The exponent ζ comes from the difference in the flavor U(1)F
charges between the trilinear products g3g
c
3S0 and g3D
c
3N
c
0 . Here we use the notations yS,
yN and ρd for the VEV’s 〈S0〉, 〈N
c
0〉 and 〈Hd0〉 in units of the string scaleMS, respectively.
From Eqs.(5) and (6) it is found that the matrix Z is symmetric and that the M is the
same as the up-type quark mass matrix at the unification scale. Since each Yukawa cou-
pling undergoes the radiative corrections distinctively, in the way of the renormalization
group(RG) evolution to low energy region the matrices M in M̂d deviate gradually from
the matrix M for up-type quark mass matrix. Since ρd is very small compared to yS and
yN , the mass eigenstates for the left-handed light quarks consist almost of D-components
of the quark doublet Q. On the other hand, the large mixings between Dc and gc can oc-
cur depending on the relative magnitude of ySZ and yNM . The matrix M̂d is diagonalized
by the bi-unitary transformation as
M̂diagd = V̂
−1
d M̂d Ûd (16)
The unitary matrices are
V̂d ≃
 Wd −ǫ(A +B)−1BVd
ǫB(A +B)−1Wd Vd
 ,
Ûd ≃
 ySZ†WdΛ(0)−1d −y−1S Z−1VdΛ(2)d
yNM
†WdΛ
(0)−1
d y
−1
N M
−1VdΛ
(2)
d
 , (17)
†In the previous studies([3, 4]) the same calculation for Vu has been carried out up to the O(1) factors
mij and mij .
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where
ǫ ≡
ρd
yN
≪ 1, A ≡ y2SZZ
†, B ≡ y2NMM
†. (18)
Since ǫ is a very small number, the calculation is carried out by using the perturbative
expansion. The unitary matrices Wd and Vd are determined such that Hermite matrices
A+B and (A−1 +B−1)−1 is diagonalized by the unitary transformations as
(Λ
(0)
d )
2 =W−1d (A+B)Wd, (Λ
(2)
d )
2 = V−1d (A
−1 +B−1)−1Vd. (19)
Λ
(0)
d and Λ
(2)
d represent three eigenvalues for heavy modes with GUT scale masses and
those for light modes corresponding to d-, s- and b-quarks, respectively. Let us assume
that the (1,1) elements of A−1 and B−1 are of the same order. Since we obtain (A−1)11 =
O((yS x
2α1+ζ)−2) and (B−1)11 = O((yN x
α1+β1)−2), this assumption implies yS x
α1+ζ ≃
yN x
β1 . Hereafter we refer this assumption to as large Dc-gc mixings.
Under the assumption of large Dc-gc mixings the mass eigenvalues for light quarks are
given by
md ≃
xα1+β1√
|z11|2 + |m11|2
,
ms ≃ x
α2+β1
√
|z11|2 + |m11|2∣∣∣∣∣∣
∣∣∣∣∣∣ m11 z11m21 z21
∣∣∣∣∣∣
∣∣∣∣∣∣
, (20)
mb ≃ x
β1−α1+α2
|detM0 · detZ0| ·
∣∣∣∣∣∣
∣∣∣∣∣∣ m11 z11m21 z21
∣∣∣∣∣∣
∣∣∣∣∣∣√
|| ~z3 ~m2 ~m3 ||2 + x−2η|| ~m3 ~z2 ~z3 ||2
,
where zij ≡ (Z
†−1
0 )ij, η ≡ (α1−α2)−(β1−β2) and ~mi(~zi) means the i-th column vector of
M0(Z0). It is noticeable that this hierarchical mass pattern of down-type quarks is rather
different from that of up-type quarks. This result is in line with experimental facts. The
eigenstates are approximately written as
|d〉 ≈
1√
|z11|2 + |m11|2
(−z11|g
c
1〉+m11|D
c
1〉),
|s〉 ≈
1√
|z11|2 + |m11|2
(−m∗11|g
c
1〉 − z
∗
11|D
c
1〉), (21)
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|b〉 ≈
−| ~z3 ~m2 ~m3 |
∗|gc2〉 − x
−η| ~m3 ~z2 ~z3 |
∗|Dc2〉√
|| ~z3 ~m2 ~m3 ||2 + x−2η|| ~m3 ~z2 ~z3 ||2
.
The diagonalization matrix for light SU(2)L-doublet down-quark sector is
Vd ≃

1−O(x2(α1−α2)) −xα1−α2a∗21 x
α1a13
xα1−α2a21 1−O(x
2(α1−α2)) xα2a23
xα1a31 −x
α2a∗23 1−O(x
2α2)
 , (22)
where
a21 =
z∗11z21 +m
∗
11m21
|z11|2 + |m11|2
, a∗13 =
∣∣∣∣∣∣ m21 z21m31 z31
∣∣∣∣∣∣∣∣∣∣∣∣ m11 z11m21 z21
∣∣∣∣∣∣
,
a31 =
z∗11z31 +m
∗
11m31
|z11|2 + |m11|2
, a∗23 = −
∣∣∣∣∣∣ m11 z11m31 z31
∣∣∣∣∣∣∣∣∣∣∣∣ m11 z11m21 z21
∣∣∣∣∣∣
. (23)
It is worth noting that the 1st column of Vd is proportional to a linear combination of
~Z1
and ~M 1 and that the 3rd column is to (
~M1×
~Z1)
∗. These significant features are obtained
if and only if large Dc-gc mixings occur.
We are now in a position to calculate the mixing matrix VCKM . The VCKM is given by
VCKM = V
−1
u Vd
≃

1−O(x2(α1−α2)) −xα1−α2c∗21 0
xα1−α2c21 1−O(x
2(α1−α2)) xα2c∗32
xα1c31 x
α2c32 1−O(x
2α2)
 , (24)
at the leading order with
c21 =
z∗11 ·
∣∣∣∣∣∣ m11 z11m21 z21
∣∣∣∣∣∣
m11(|z11|2 + |m11|2)
,
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c32 =
m11 ·
∣∣∣ ~m3 ~z2 ~z3 ∣∣∣∗
m∗33 · (detZ0)
∗ ·
∣∣∣∣∣∣ m11 z11m21 z21
∣∣∣∣∣∣
, (25)
c31 = c32 · c21.
If we take the parameterization xα1 = λ3, xα1−α2 = λ and c21, c32 = O(1), the VCKM in
Eq.(24) is in accord with experimental facts. It should be emphasizing that the element
(1,3) of VCKM , i.e., Vub vanishes at the leading order. This is due to the fact that the
1st column of Vu is proportional to
~M 1 and that the 3rd column of the matrix Vd is
proportional to ( ~M 1 ×
~Z1)
∗. Then we must pick up the next-to-leading term to obtain a
nonzero value for Vub. Concretely, we obtain
Vub ≃ x
α1+2(β1−β2)c13 (26)
with
c13 = −
m12 ·
∣∣∣ ~m3 ~z2 ~z3 ∣∣∣
|m11|2 · (detM0)∗ · detZ0 ·
∣∣∣∣∣∣ m11 z11m21 z21
∣∣∣∣∣∣
∗ . (27)
We obtain the order of Vub to be ∼ λ
7 for the parameterization xα1 ∼ λ3, xα2 ∼ λ2, xβ1 ∼
λ4 and xβ2 ∼ λ2, which reasonably reproduce the masses of u and c given in Eq.(11), with
c13 ∼ O(1). The magnitude of Vub is too small compared to the current experimental
value, which suggests Vub ∼ λ
4[2] as shown later. In order to obtain reasonable Vub at
low energies we have to take the RG effects into account. Due to the RG effects the
mass matrix M for up-type quarks and those in M̂d for down-type quarks which coincide
with each other at the unification scale, deviate from each other at low energies. If the
RG corrections for the leading terms of Yukawa couplings are of O(10%), then the RG
corrections for Vu and Vd dominate over the next-to-leading terms of them at low energies.
Thus, the value of Vub at low energies becomes large compared to Eq.(26) but remains
small compared to Vtd and Vcb · Vus.
On the other hand, the (3,1) element, i.e., Vtd has a nonzero value at the leading
order. The 3rd column of Vu is proportional to ~M3. The 1st column of the matrix Vd
is proportional to a linear combination of ~Z1 and
~M 1 as pointed out in Eq.(23). ~M3
is orthogonal to ( ~M 1)
∗ ∝ ~M2 × ~M3 but not to (
~Z1)
∗ in general. In other words, a
nonvanishing leading term of Vtd is a consequence of large D
c-gc mixings, in which (1,1)
elements of A−1 and B−1 are comparable to each other. From Eq.(24) we obtain the
relations
Vtd = Vcd · Vts, (28)
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(0.004 ∼ 0.013) (0.0076 ∼ 0.0094)
|Vub| < |Vcb · Vus|. (29)
(0.0018 ∼ 0.0045) (0.0078 ∼ 0.0094)
Current experimental values cited in the parentheses[2], strongly suggest that these rela-
tions are viable.
We studied the VCKM in SU(6) × SU(2)R model, in which D
c-gc mixings occur in
down-type quark sector but no such mixings in up-type quark sector. Nontrivial VCKM is
induced by large Dc-gc mixings, which are expressed in terms of Eq.(14). In the present
model Vub is naturally suppressed compared to Vtd. Introducing the flavor symmetry and
Froggatt-Nielsen mechanism, we understood the reason why the VCKM is nearly equal to
unity but not exactly unity. Further we obtain phenomenologically viable relations (28)
and (29). The conditions on M̂d for yielding the above relations are in order as
(i). The (D, Dc)-block matrix M in M̂d is exactly the same as the up-type quark mass
matrix at the unification scale.
(ii). There appears null or negligibly small (D, gc)-block matrix in M̂d relative to the
(D, Dc)-block matrix.
(iii). There occur large mixings between Dc and gc with |〈N c0〉| ≫ |〈Hd0〉|.
The 1st condition is not satisfied in the SU(5) GUT model because U c and Dc belong
to the different irreducible representations of SU(5). Therefore, Vub is not suppressed
relative to Vtd in generic SU(5) GUT model. The 1st condition means that SU(2)R is
contained in the unification gauge group. In SO(10) GUT model the circumstances are
obscure due to variations of Higgs representations.
In the next step we would like to extend this model to lepton sector to interpret the
large mixing observed in neutrino oscillations[10]. In lepton sector there exist mixings
between L and Hd similar to D
c-gc mixings in quark sector. In neutral lepton sector
we have to take right-handed Majorana mass matrices and the seesaw mechanism into
account. This study is now in progress[11].
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